
Stat 821 Homework 7 Solution

Question 1 (Problem 2.7)

(a) Xi
iid∼ U(0, θ), δn = (n+1)Xn

n is UMVUE of θ, MLE is Xn.

MSE(δn) = E(δ − θ)2 = V arδn = (
n+ 1

n
)2V ar(X(n))

FX(n)
(x) = [P (Xi < x)]n = (

x

θ
)2

fX(n)
(x) =

n

θ
(x/θ)n−1 =

n

θn
xn−1, 0 ≤ x < θ

Let Yi = Xi/θ, then

Yi ∼ U(0, 1)⇒ Y(n) ∼ Beta(n, 1)

. thus

V ar[X(n)] = V ar(θY(n)) =
nθ2

(n+ 1)2(n+ 2)

⇒ MSE(δn) =
θ2

n(n+ 2)

MSE(X(n)) = E(X(n) − θ)2

= E(X(n) − E(X(n)) + E(X(n))− θ)2

= V ar(X(n)) + (
θ

n+ 1
)2

=
2θ2

(n+ 1)(n+ 2)

(b)

lim
n→∞

E(X(n) − θ)2

E(δn − θ)2
= lim

n→∞

2θ2

(n+1)(n+2)

θ2

n(n+2)

= 2

Question 2 (Problem 3.5)
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(a)

f(x) = p1−xqx

If x = 0, l(p) = p, which is maximized when p = 2/3; If x = 1,

l(p) = 1− p, which is maximized when p = 1/3. Thus

p̄mle =

{
2/3 x = 0

1/3 x = 1

(b)

E(p̄− p)2 =
1

9
(3p2 − 3p+ 1)

E(δ(X)− p)2 = E(1/2− p)2 =
1

4
(1− 2p)2

E(p̄−p)2−E(δ(X)−p)2 =
1

9
(3p2−3p+1)−1

4
(1−2p)2 = −2

3
[(p−1/2)2−1/24]

p ∈ [1/3, 2/3] ⇒ (p− 1/2)2 − 24 ∈ [−1/24,−1/72]

Thus

E(p̄− p)2 > E(δ(X)− p)2, ∀ 1

3
≤ p ≤ 2

3

i.e. the MSE of MLE is uniformly larger than that of δ(X) = 1/2.

Question 3 (Problem 6.14)

(a) Let yi = |xi|, then

f(yi) =
2√

2πσ2
e−

y2i
2σ2 yi > 0

E(Yi) =

∫ ∞
0

f(yi)yidyi =
2σ√
2π

[−e−
y2i
2σ2 ]|∞0 =

√
2

π
σ

⇒
∑
yi
n

P−→
√

2

π
σ

⇒
√
π

2

∑
|xi|
n

P−→ σ

Thus

k =

√
π

2
⇔ δn is constant of σ
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(b) From (a),
√
n(ȳ −

√
2

π
σ)→ N(0, V aryi)

EY 2
i = EX2

i = σ2 V arYi = (1− 2/π)σ2

√
n(δn − σ)→ N(0,

π

2
V aryi)⇒ τ21 = (π/2− 1)σ2

Zi = X2
i EZi = σ2 V arZi = 2σ4

since X2

σ2 ∼ χ2
1. Thus

√
n(Z̄ − σ2)→ N(0, 2σ4)

By delta method,

√
n(
√
Z̄ − σ)→ N(0,

2σ4

4σ2
) ⇒ τ22 =

σ2

2

ARE e2,1 =
(π/2− 1)σ2

σ2/2
= π − 2
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